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Abstract 
Earlier studies on the impact of the insurance sectors activities on economic growth have largely failed. 
To examine the financial development market interaction of pensions and mutual funds linkages, through 
which insurance assets affects economic growth. This study re-examines the impact of life insurance 
premium volume, non-life insurance premium volume, insurance company assets, pension fund assets 
and mutual fund assets on economic growth. Using panel data of 33 countries over the period 2000-2016. 
The study applied the Autoregressive Distributed Lag (ARDL) model in panel setting using the PMG 
(Pooled Mean Group) and MG (Mean Group) estimators in this analysis. The study findings indicate that 
cointegration exists among all series and that insurances and mutual funds stimulate economic growth in 
both the short and long run.  
Keywords 
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1. Introduction  
Individuals, companies, institutions and or the public sector seek protection against future financial 
losses, adverse events or the smoothing of incomes and consumptions, through the pooling or 
transferring of their risks. Which is the most basic role of insurances, pensions and mutual funds 
companies. The scope of protections and the associated conditions and financial commitments are 
normally defined between the provider and the policyholder and are typically transacted through a 
network of agents or brokers. Insurance is a promise to compensate or indemnify the consequences of a 
loss-producing event. Pension funds offer savings products very similar to those offered by insurers and 
may include risk-mitigating features such as guarantees on their principals and interests. Unlike banks 
and insurance companies, mutual funds do not assume credit and insurance risks. Whereas mutual 
funds offer corporations and households the means to invest in a diversified portfolio for a financial 
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return.  
In the insurance related literature, Skipper (1997) Rejda (2005) Skipper and Kwon (2007) and Dorfman 
(2008) emphasize that insurance markets act as, both a provider of risk transfers and indemniﬁcation 
and as institutional investors, which may contribute to economic growth in the following ways: (a) 
mobilizing domestic savings, (b) allowing diﬀerent risks to be managed more eﬃciently, thereby 
encouraging the accumulation of new capital; (c) boosting ﬁnancial stability; (d) facilitating trade and 
commerce; (e) supporting to reduce or mitigate losses; and (f) fostering a more eﬃcient allocation of 
domestic capital. Whereas Zweifel and Eisen, (2012) indicated insurance inﬂuences production and 
consumption, internal and international trade, transaction payments in addition to conservation of 
existing and creation of new wealth (See also Ward & Zurbruegg, 2000; Kugler & Ofoghi, 2005; Haiss 
& Sümegi, 2008; and Richterkova et al., 2013).  
Whereas pensions and mutual funds or contractual savings can positively affect economic growth. They 
do so by raising capital accumulation and productivity (Demirguc-Kunt & Levine, 1996; Levine & 
Zervos, 1998; Neusser & Kugler, 1998) and when their impact is not offset by government dissaving’s 
(Samwick, 1998; and Bailliu & Reisen, 2000). They can also affect growth indirectly by reducing firms 
and banks vulnerability which in turn, can foster savings and investments growth. More particularly, 
they are associated with an increase in stock markets depth in countries where corporations depend on 
capital markets for financing their future investments (IMF, 2009). 
The empirical studies on the insurance, financial development and economic growth nexus has being 
somewhat mixed regarding its complementarity and supplementarity effects. For example. Beenstock, 
Dickinson and Khajurja (1986) using cross-section and time-series data for ten industrialized countries 
for the period 1970-1981 found that life insurance demand has positive effects on GDP per capita. 
Webb, Grace and Skipper (2002) examined whether banking, life and nonlife insurers contribute to 
economic growth. They used cross-country data for 55 developed and developing countries for the 
period 1980-1996. They found that the penetration of life insurance is significantly positive and are 
correlated with economic growth. They also found that there is no link between economic development 
and non-life insurance. Kugler and Ofoghi (2005) used the components of net written insurance 
premiums to evaluate a long run relationship between development in insurance markets size and 
economic growth in the UK and found there is a long-term integration between development in 
insurance markets size and economic growth. Haiss and Sumegi (2008) examined the impact of 
insurances on economic growth, they found positive impacts of life insurance on GDP growth for the 
first group of countries. For the second group, they found a larger impact of liability insurance. Adams 
et al. (2009) explores the historical relationships between banking, insurances and economic growth in 
Sweden for period 1830-1998. They found that the development of banking, but not insurances, impact 
growth. Other influential studies such as Gertler (1988), Pagano (1993), King and Levine (1993b) 
Levine (1999), Levine and Zervos (1998), Beck and Levine (2004) have all showed that developed 
insurances and banking systems can have positive effects on growth. 
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The purpose of this paper is to empirically investigate the linkages between life insurance premium 
volume, non-life insurance premium volume, insurance company assets, pension fund assets and 
mutual fund assets towards economic growth. Diﬀerent from previous studies in the literature, we 
employ a panel autoregressive distributed lag model based on two alternative techniques the Mean 
Group and Pooled Mean Group estimators. In addition, this study realizes that insurances, pensions and 
mutual funds not only act as a provider of risks and indemnification but also as an institutional investor 
having impact on capital accumulation. To the best of our knowledge, there has not been any studies 
that tried to estimate this financial development relationships with the selected variables for both 
developed and developing countries by panel ARDL approach based on the PMG and MG estimators. 
The rest of the paper is organized as follows. Section 2 describes the data and methodology, while 
Section 3 provides the results of the estimates. Section 4 concludes. 
 
2. Data and Methodology  
In our model we use annual panel data for 33 developed and developing countries. The variables used are 
as follows: real GDP per capita as a proxy of economic growth; mutual fund assets percent of GDP, and 
pension fund assets percent of GDP as proxies of financial development; insurance company assets 
percent of GDP; life insurance premium volume percent of GDP; non-life insurance premium volume 
percent of GDP. All time-series are taken from the World Bank, World Development Indicator database 
and expressed in natural logarithms. The descriptive statistics of variables and the listed countries are 
presented in Appendix A.  
The baseline ARDL (p,q) specification, p being the number of lags of the dependent variable and q the 
number of lags of the independent variable, is: 
𝑌𝑖𝑡  =  𝛼𝑖𝑡  +  ∑ 𝛿𝑖𝑗𝑌𝑖,𝑡−𝑗
𝑝
𝑗=1  +  ∑ 𝛽𝑖𝑗
𝑞
𝑗=1 𝑋𝑖,𝑡−𝑗 +  𝜀𝑖𝑡                                                (1) 
where i is the country index, t is the time index, Y is the dependent variable, X is the explanatory variable 
δij, βij are the coefficients, and εit a random disturbance term. If the variables in (1) are I(1) and 
cointegrated so that all cross-sections have a long-run equilibrium relationship between the variables, a 
dynamic error correction model (ECM) can be derived from the ARDL through a simple linear 
transformation. The reparameterization of the ARDL model in EC form is: 
∆𝑌𝑖𝑡 =  𝛼𝑖𝑡
∗ + ∑ 𝛿𝑖𝑗
∗𝑝−1
𝑗=1 ∆𝑌𝑖,𝑡−𝑗 +  ∑ 𝛽𝑖𝑗
∗ ∆𝑋𝑖,𝑡−𝑗
𝑞−1
𝑗=1 + ∅𝑖(𝑌𝑖,𝑡−1 − 𝜃𝑖𝑋𝑖,𝑡−1) + 𝜀𝑖𝑡             (2) 
where the short-run dynamics of the variables in the system are influenced by the extent of any 
deviation from the long-run equilibrium with φ capturing the speed of adjustment, θ being the long-run 
coefficient, and δ*, β* the short-run coefficients. 
After testing for unit roots, the hypothesis that cointegration is absent is tested. More specifically, the 
null hypothesis that the coefficients of lagged regressors (in levels) in the underlying ARDL error 
correction model are jointly equal to zero (no long run relationship exists) is tested against the 
alternative hypothesis that a long run relationship exists. Cointegration of nonstationary variables is 
equivalent to an EC process. Therefore, 
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∆𝑙𝑛(𝑟𝑒𝑎𝑙_𝑔𝑑𝑝_𝑝𝑐)𝑡  =   𝛼 + ∑ 𝛽1
𝑘
𝑖=1 ∆𝑙𝑛(𝑚𝑓)𝑡−𝑖  +  ∑ 𝛽2
𝑘
𝑖=1 ∆𝑙𝑛(𝑖𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒_𝑐𝑜_𝑎𝑠𝑠𝑒𝑡𝑠)𝑡−𝑖  +
 ∑ 𝛽3
𝑘
𝑖=1 ∆𝑙𝑛(𝑙𝑖_𝑝𝑟𝑒𝑚𝑖𝑢𝑚_𝑣𝑜𝑙)𝑡−𝑖  +  ∑ 𝛽4
𝑘
𝑖=1 ∆𝑙𝑛(𝑛𝑜𝑛_𝑙𝑖_𝑝𝑟𝑒𝑚𝑖𝑢𝑚_𝑣𝑜𝑙)𝑡−𝑖  +
 ∑ 𝛽5
𝑘
𝑖=1 ∆𝑙𝑛(𝑝𝑒𝑛𝑠𝑖𝑜𝑛_𝑓𝑢𝑛𝑑_𝑎𝑠𝑠𝑒𝑡𝑠)𝑡−𝑖  +  ∅𝐸𝐶𝑀𝑡−1  +  𝜀𝑡                   (3) 
where ECM = Error Correction term (residual from the cointegration equation) φ = speed of adjustment 
parameter in response to previous period's deviation from the long-run equilibrium. 
β1, β2, β3, β4, and β5 are the short-run coefficients of the independent variables ∆ is the difference operator 
k is the lag length εt = uncorrelated white noise residuals. 
PMG, MG Models without trend 
∆𝑙𝑛(𝑟𝑒𝑎𝑙_𝑔𝑑𝑝_𝑝𝑐)𝑡  =
 𝛼 +  𝛽1∆𝑙𝑛(𝑚𝑓)𝑡−1  +  𝛽2∆𝑙𝑛(𝑖𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒_𝑐𝑜_𝑎𝑠𝑠𝑒𝑡𝑠)𝑡−1  +  𝛽3∆𝑙𝑛(𝑛𝑜𝑛_𝑙𝑖_𝑝𝑟𝑒𝑚𝑖𝑢𝑚_𝑣𝑜𝑙)𝑡−1  +
 𝜑(𝑙𝑛(𝑟𝑒𝑎𝑙_𝑔𝑑𝑝_𝑝𝑐)𝑡−1  −  𝜃1𝑙𝑛(𝑚𝑓)𝑡−1 − 𝜃2𝑙𝑛(𝑖𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒_𝑐𝑜_𝑎𝑠𝑠𝑒𝑡𝑠)𝑡−1  −
 𝜃3𝑙𝑛(𝑛𝑜𝑛_𝑙𝑖_𝑝𝑟𝑒𝑚𝑖𝑢𝑚_𝑣𝑜𝑙)𝑡−1)  + 𝜀𝑡                                   (4) 
 
where the error correction term =  
(𝑙𝑛(𝑟𝑒𝑎𝑙_𝑔𝑑𝑝_𝑝𝑐)𝑡−1  −  𝜃1𝑙𝑛(𝑚𝑓)𝑡−1 − 𝜃2𝑙𝑛(𝑖𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒_𝑐𝑜_𝑎𝑠𝑠𝑒𝑡𝑠)𝑡−1  −
 𝜃3𝑙𝑛(𝑛𝑜𝑛_𝑙𝑖_𝑝𝑟𝑒𝑚𝑖𝑢𝑚_𝑣𝑜𝑙)𝑡−1) and φ is the speed of adjustment parameter. 
PMG, MG Models with trend 
∆𝑙𝑛(𝑟𝑒𝑎𝑙_𝑔𝑑𝑝_𝑝𝑐)𝑡  =  𝛼 + 𝛽1∆𝑙𝑛(𝑖𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒_𝑐𝑜_𝑎𝑠𝑠𝑒𝑡𝑠)𝑡−1  +  𝛽2∆𝑙𝑛(𝑙𝑖_𝑝𝑟𝑒𝑚𝑖𝑢𝑚_𝑣𝑜𝑙)𝑡−1  +
 𝜑(𝑙𝑛(𝑟𝑒𝑎𝑙_𝑔𝑑𝑝_𝑝𝑐)𝑡−1  −  𝜃1𝑙𝑛(𝑖𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒_𝑐𝑜_𝑎𝑠𝑠𝑒𝑡𝑠)𝑡−1  −  𝜃2𝑙𝑛(𝑙𝑖_𝑝𝑟𝑒𝑚𝑖𝑢𝑚_𝑣𝑜𝑙)𝑡−1)  +
 𝜀𝑡                                                                  (5) 
where the error correction term = (𝑙𝑛(𝑟𝑒𝑎𝑙_𝑔𝑑𝑝_𝑝𝑐)𝑡−1  −  𝜃1𝑙𝑛(𝑖𝑛𝑠𝑢𝑟𝑎𝑛𝑐𝑒_𝑐𝑜_𝑎𝑠𝑠𝑒𝑡𝑠)𝑡−1  −
 𝜃2𝑙𝑛(𝑙𝑖_𝑝𝑟𝑒𝑚𝑖𝑢𝑚_𝑣𝑜𝑙)𝑡−1), is the Error Correction Term (ECM) and φ is the speed of adjustment 
parameter. 
 
3. Empirical Results and Analysis 
Appendix A reports summary statistics for all the variables in order to determine the nature of the data 
distribution. The data of all the series are nearly normally distributed, as the values of the standard 
deviations of these distributions are within a reasonable range, which implies that application of 
standard estimation techniques is not likely to provide spurious ﬁndings. We also include without-trend 
and with-trend panel unit root tests, using the Im-Pesaran-Shin Panel Unit-Root W-stat (IPS) (1997) 
test presented in Table 1. The results without including time trend indicated that the null hypothesis of 
unit root cannot be rejected for real GDP per capita, mutual fund assets, insurance company assets, and 
non-life insurance premium volume in levels, whereas life insurance premium volume, and pension 
fund assets are level stationary. Where allowing for time trend we find that the null hypothesis of unit 
root cannot be rejected for real GDP per capita, insurance company assets, and life insurance premium 
volume in levels, whereas mutual fund assets, non-life insurance premium volume, and pension fund 
assets are level stationary. We further applied the unit root tests in the first differences for both with and 
www.scholink.org/ojs/index.php/jepf         Journal of Economics and Public Finance                     Vol. 6, No. 1, 2020 
21 
Published by SCHOLINK INC. 
without time tend specifications and conclude the first differences are all stationary, implying all 
variables are either I(0) or I(1). As none of the variables are I(2) or beyond the ARDL approach is 
applicable. 
 
Table 1. Im-Pesaran-Shin Panel Unit-Root Test Results 
Variable   
















1st Difference -7.1644*** 0.0000 Stationary -4.4536*** 0.0000 Stationary 
ln_mf 
Level -0.6315 0.2639 
Non-station
ary I(1) 
-2.8851*** 0.0020 Stationary 
I(0) 
1st Difference -14.7936*** 0.0000 Stationary -12.4293*** 0.0000 Stationary 
ln_insurance_c
o_assets  






1st Difference -10.2343*** 0.0000 Stationary -7.9411*** 0.0000 Stationary 
ln_li_premium_
vol 





1st Difference -14.5454*** 0.0000 Stationary -12.0833*** 0.0000 Stationary 
ln_non_li_prem
ium_vol  
Level -0.6534 0.2568 
Non-station
ary I(1) 
-2.3325*** 0.0098 Stationary 
I(0) 
1st Difference -10.2494*** 0.0000 Stationary -7.0763*** 0.0000 Stationary 
ln_pension_fun
d_assets  
Level -8.0794*** 0.0000 Stationary 
I(0) 
-9.7991*** 0.0000 Stationary 
I(0) 
1st Difference -14.4283*** 0.0000 Stationary -11.9229*** 0.0000 Stationary 
Null: Unit root (assumes individual unit root process in each panel), ***, ** and * denote significance at 
the 1%, 5%, and 10% levels respectively. 
 
To determine whether a cointegrating relationship exits, we used the Pedroni (1999, 2001 and 2004) 
panel cointegration test using four panel statistics. Which is v-statistic, p statistic, PP-statistic and 
ADF-statistic (within dimension) and three group panel statistics which are group p-statistic, group 
PP-statistic and group ADF-statistic (between dimension) to test the null hypothesis of no cointegration 
against the alternative hypothesis of cointegration. The results are reported in Table 2 for both within 
and between dimension panel cointegration test statistics. These statistics are based on averages of the 
individual autoregressive coefficients associated with the unit root tests of the residuals for each 
country in the panel. All six of the seven panel cointegration tests reject the null hypothesis of no 
cointegration at the 1% significance level for the panel. While the panel v-statistic is significant at the 
5% level. Consequently, the evidence suggests that in the panel data sets there is a long run equilibrium 
relationship between all variable and economic growth. 
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Table 2. Pedroni Panel Cointegration Test Results 
Within Dimension Test Statistics Between Dimension Test Statistics 
  Statistic p-value   Statistic p-value 
Panel v-Statistic -1.687** 0.04580 Group rho-Statistic 7.098*** 0.00001 
Panel rho-Statistic 5.005*** 0.00001 Group PP-Statistic -10.16*** 0.00001 
Panel PP-Statistic -8.003*** 0.00001 Group ADF-Statistic 5.2*** 0.00001 
Panel ADF-Statistic 5.444*** 0.00001       
***, ** and * denote significance at the 1%, 5%, and 10% levels respectively. All of the 7 statistics are 
highly significant which leads us to reject the null hypothesis of no cointegration. 
 
On finding that cointegration exists, following Pesaran and Smith (1995), Pesaran et al. (1999), we 
consider the PMG, and MG estimation and Banerjee et al. (1998) the VECM, estimators for the 
cointegration vectors as shown Tables 3 and 4. Whereas the Hausman test is used to determine the 
efficiency between the PMG and MG estimation. The empirical results in Table 3 for the PMG model 
indicates in the long run, a 1% increase in mutual fund assets percent of GDP, insurance company 
assets percent of GDP and non-life insurance premium volume percent of GDP would lead to a 0.22%, 
0.02% increase and 0.28% decrease respectively to economic growth. Whereas in the short run a 1% 
increase in mutual fund assets percent GDP and non-life insurance premium volume percent of GDP 
would lead to a 0.05% and 0.02% increase in growth.  
 
Table 3. Panel PMG, MG Estimation Results without Trend 
Dependent Variable: D.ln_real_gdp_pc Coefficient 
Explanatory Variable 
Pooled Mean-Group (PMG) Mean-Group (MG) 
Long Run estimate 
ln_mf (-1) 0.2170006*** (0.000) 0.0709962 (0.433) 
ln_insurance_co_assets (-1) 0.018928 (0.335) 0.184209 (0.197) 
ln_non_li_premium_vol (-1) -0.2793109*** (0.000) -0.3357993 (0.277) 
  Short Run estimate 
Error Correction Term -0.1118773*** (0.000) -0.2917803*** (0.000) 
D(ln_mf (-1)) 0.0466015*** (0.000) 0.014674 (0.333) 
D(ln_insurance_co_assets (-1)) 0.0012762 (0.965) 0.0438995 (0.164) 
D(ln_non_li_premium_vol (-1)) 0.0175906 (0.523) 0.0185409 (0.636) 
Constant 1.095283*** (0.000) 2.695707*** (0.000) 
  Hausman Test 
Chi-square p-value 
2.52 0.4716 
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p-values are in parentheses. ***, ** and * denote significance at the 1%, 5%, and 10% levels respectively. 
Lag orders have been chosen based on the Bayesian Information Criterion (BIC). 
Life Insurance Premium Volume, Pension Fund Assets are not included as these are I (0) processes as per 
IPS Panel Unit Root Test results without Trend. 
 
The error correction term is -0.1118, and negative at 1% significance level. This indicates that the speed 
of adjustment of PMG model is around 11% per annum and confirms the existence of a stable long-run 
relationship. The calculated Hausman Test is 2.52 with p-value of 0.4716 of which we conclude that a 
null hypothesis cannot be rejected, and the PMG estimator is preferred. 
The empirical results in Table 4 based on the unit root test results with time trend from the PMG model 
indicate in the long run, a 1% increase in insurance company assets percent of GDP, and life insurance 
premium volume percent of GDP would lead to a 0.43% increase and 0.12% decrease respectively to 
economic growth. Whereas in the short run a 1% increase in insurance company assets percent of GDP 
would lead to a 0.05% increase in growth. The error correction term is at 1% significant level with a 
negative sign. Thus, a stable long-run relationship exists. The Hausman Test revealed the null 
hypothesis cannot be rejected indicating that the PMG estimator is more appropriate than the MG 
model. 
 
Table 4. Panel PMG, MG Estimation Results with Trend 
Dependent Variable: D.ln_real_gdp_pc Coefficient 
Explanatory Variable 
Pooled Mean-Group (PMG) Mean-Group (MG) 
Long Run estimate 
ln_insurance_co_assets (-1) 0.429576*** (0.000) 1.460761 (0.250) 
ln_li_premium_vol (-1) -0.1245482*** (0.000) 0.0631897 (0.918) 
  Short Run estimate 
Error Correction Term -0.1134916*** (0.000) -0.3248132*** (0.000) 
D(ln_insurance_co_assets (-1)) 0.0506496** (0.019) 0.037818* (0.086) 
D(ln_li_premium_vol (-1)) -0.0284484 (0.206) -0.0364722** (0.039) 
Constant 1.048817*** (0.000) 3.166902*** (0.000) 
  Hausman Test 
Chi-square p-value 
0.36 0.8350 
p-values are in parentheses. ***, ** and * denote significance at the 1%, 5%, and 10% levels respectively. 
Lag orders have been chosen based on the Bayesian Information Criterion (BIC). 
Mutual Fund Assets, Pension Fund Assets are not included as these are I (0) processes as per IPS Panel 
Unit Root Test results with Trend. 
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4. Conclusion and Policy Implications  
In this paper, based on the diﬀerence panel ADRL, PMG, and MG approach using annual panel data for 
33 develop and developing countries over the period 2000–2016, we have attempted to examine the 
relationships between financial development market interaction of pensions and mutual funds linkages, 
through which insurance assets affects economic growth. Our empirical ﬁndings are as follows: (i) 
mutual fund assets percent of GDP, insurance company assets percent of GDP and non-life insurance 
premium volumes percent of GDP all have positive effects on growth in the long and short run; (ii) life 
insurance premium volumes have negative effects on growth, whereas pension fund assets are level 
stationary. Overall, our ﬁndings suggest that policy makers should focus on investing in the 
development of the insurances and mutual fund sectors, thereby enhancing sustainable economic 
growth and employment.  
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Appendix A 






















Mean 10.0267 2.50414 2.94050 0.70263 0.54123 2.36793 
Std. Deviation 0.7687 1.73025 1.23551 1.19416 0.40703 1.58799 
Minimum 7.4775 -3.50656 0.32208 -3.21888 -0.49430 -3.91202 
Maximum 11.2500 6.65471 4.97280 2.75874 1.60744 5.21336 
Skewness -0.5540 -0.86410 -0.44155 -0.87801 -0.48057 -0.42334 
Kurtosis 2.3806 3.97374 2.02251 3.27345 2.83891 3.30398 
Percentiles 
25% 9.3721 1.6094 2.0176 0.0862 0.3221 1.3987 
50% 10.0992 2.9288 3.2531 0.9932 0.5988 2.1798 
75% 10.7276 3.6636 4.0685 1.6696 0.8329 3.8593 
90% 10.8435 4.1965 4.3563 1.9359 0.9632 4.4762 
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Correlations 
Real GDP Per Capita 1.0000           
Mutual Fund Assets percent of GDP 0.6842 1.0000         
Insurance Company Assets percent of 
GDP 
0.7763 0.8159 1.0000       
Life Insurance Premium Vol. percent of 
GDP 
0.6181 0.7717 0.9156 1.0000     
Non-Life Insurance Premium Vol. 
percent of GDP 
0.5759 0.5122 0.6673 0.6517 1.0000   
Pension Fund Assets percent of GDP 0.5084 0.5824 0.5995 0.5717 0.4042 1.0000 
The countries included are: Australia, Brazil, Canada, China, France, Germany, Italy, Japan, Mexico, 
Russia, South Africa, South Korea, Turkey, USA, United Kingdom, Austria, Belgium, Bulgaria, Croatia, 
Czech Republic, Denmark, Finland, Hungary, Ireland, Latvia, Lithuania, Netherlands, Poland, Portugal, 
Slovakia, Slovenia, Spain, Sweden. All variables are expressed in their logarithms. 
 
 
 
